On the convergence rate of spectral approximation for the equations for nonhomogeneous asymmetric fluids 
INTRODUCTION
In this paper we will study the convergence rate of solutions of spectral semi-Galerkin approximations for the équations for the motion of a nonhomogeneous viscous incompressible asymmetrie fluid. These équations are considérée! in a bounded domain Q <= R M , n = 2 or 3, with boundary F, in a time interval [0, 7] , To describe them let u(x, t) e R", w(x, t) G R", p(x,t)e R and p(x, t) G R dénote, respectively, the unknown velocity, angular velocity of rotation of the fluid particles, the density and the pressure at a point x G Q, at a time t G [0, where, for simplicity of exposition we have taken homogeneous boundary conditions.
Hère f(x, t) and g(x, t ) are respectively known external sources of linear and angular momentum of partiales. The positive constants ju, jj r , C o , C c , C d characterize isotropic properties of the fluid ; /u is the usual Newtonian viscocity ; ju r , C o , C a , C d are new viscosities related to the asymmetry of the stress tensor, and in conséquence related to the appearance of the field of internai rotation w ; these constants satisfy C o + C d > C a . The expressions grad, A, div and rot dénote the gradient, Laplacian, divergence and rotational operators, respectively (we also dénote the gradient by V and -by u t ) ; the f-th component of ( u . V ) u and ( u . V ) w in cartesian coordinates are given by respectively ; also ( u . V ) p = 2 w, "^ .
For the dérivation and physical discussion of équations (1.1) see Petrosyan [9] and Condiff, Dahler [2] . We observe that this model of fluid includes as a particular case the classical Navier-Stokes, which has been much studied (see, for instance, the classical books by Ladyzhenskaya [4] and Temam [15] and the références there in). ït also includes the reduced model of the nonhomogeneous Navier-Stokes équations, which has been less studied than the previous case (see for instance Simon [14] , Kim [3] , Ladyzhenskaya and Solonnikov [5] and Salvi [13] ).
Concerning the generalized model of fluids considered in this paper, Lukaszewicz [8] stablished the local existence of weak solutions for (1.1), (1.2) under certain assumptions by using linearization and an almost fixed In that same paper Lukaszewicz remarked about the possibility of proving the existence of strong solutions (under stronger hypothesis) by using the techniques of [6] and [7] (linearization and fixed point theorems ; [6] and [7] assume constant density).
More interested in techniques directly related with numerical applications, Boldrini and Rojas-Medar [1] established the local (and also global) existence of strong solutions of (1.1), (1.2) by using the spectral semi-Galerkin method (see Boldrini and Rojas-Medar [1] and also the next section for the précise statements of the results). Hère, the word spectral is used in the sensé that the eigenfunctions of the associated Stokes and Laplacian operators are used as the approximation basis.
Since Galerkin methods are much used in numerical simulations, it is important to dérive error estimâtes for them, even in the case of spectral Galerkin method, as a préparation and guide for the more practical finite element Galerkin method.
In this paper we are interested in establishing such error estimâtes and the convergence rates of these spectral approximations in several norms. But, before we describe our results, let us briefly comment related results.
Rautmann in [10] gave a systematic development of error estimâtes for the spectral Galerkin approximations for the solutions of the classical NavierStokes équations. Salvi in [12] gave analogous error estimâtes for the reduced model of nonhomogeneous viscous incompressible fluids. However, although the statement of Theorem 3, p. 203, in [12] furnishes an optimal rate (Kilv wnere A n+1 is the (n + 1 )-th eigenvalue of the Stokes operator), this is not correct as it can be seen by the last inequality in the proof (p. 204 in [12] ). The rate actually obtained was 1~+ 1/2 . In this paper we consider the convergence rate of the spectral semi-Galerkin approximations for the solutions of the more gênerai fluid model (1.1). We show that there is optimal rate of convergence in the H 1 -norm (see Theorem 3.3), improving in the particular case of the reduced model the resuit in Salvi [12] . Differently as in the case of the classical Navier-Stokes équations, for which optimal L 2 -error estimâtes can be obtained (see Rojas-Medar and Boldrini [11] ), in this case we are only able to obtain an improved L 2 -error estimâtes as compared to the trivial one that dérives directly from the H'-estimate (see Theorem 4.2). Also, LT and heigher order error estimâtes are proved (see Theorems 3.4 and 3.5). with the usual inner product, ( M, t? ), ( Vw, Vü ) and ( P Au, P Av ), respectively. Hère (.,. ) dénotes the inner product in L 2 (Q) ; also in this paper we will dénote the L 2 -norm by || ||.
It is easy to see that P and P k , P m , k, m G M satisfy for ail ƒ, 0 e ( The folio wing results can be found in Rautmann's paper [10] . If v e V, then there holds
Now we observe that if ƒ e (tf 1^) )", from (2.2) we have
n is a continuous operator (see [16] ), we have
Thus, for ail ƒ e (H l (Q))\ we have
II (/-p,)/y II < T^-il ƒ ii^ , (2.6)
A Jk+l or equivalently, since PP k = P k P = P kJ we obtain
We observe that (2.4)-(2.7) also holds with any P m , m> k, in place of P Analogously, we have for any ƒ e (£f Now, let us dénote
D(B) dénotes the domain of -A with the Dirichlet boundary conditions and
<f> (x), <x k be the eigen-functions and eigen values of Z?, respectively. As it is > ( well known, all the above properties have a corresponding one for £.
We will dénote R k , k e N, the orthogonal projection of (
It will be also necessary the following variant of the Gronwall's inequality (see Rautmann [10] These error estimâtes will be derived in the following sections and will be based on the next resuit. To easy the notation, in the rest of this paper the functions which are IR or R n valued will not be notationally distinguished ; the distinction will be clear from the context. for all e > 0 and 1 < p < + «>.
THEOREM 2.2 : {Boldrini and Rojas-Medar[l]). Let the initial values satisfy
Remark : Actually it is possibly to prove that the strong solution of Theorem 2.2 is global either if n = 2 or if we take small enough initial data when n = 3 (Boldrini and Rojas-Medar [1] ).
The above resuit dépends on the certain estimâtes for the approximations ( u\ w*, p k \ and since these estimâtes will be also necessary in this paper, we describe them in the following. 
Hère, as before, the above is true for all e > 0 and 1 <p < + oo. Finally, we would like to say that as is usual we will dénote by C a generic constant depending at most on Q and the fixed parameters in the problem (ju, jjL r , C a , C d , C o and the initial conditions, and also ƒ, g and T). This will appear in most of the estimâtes to the be obtained. When for any reason we want to emphasize the dependence of a certain constant on a given parameter we will dénote this constant with a subscript. 
ERROR BOUNDS FOR THE APPROXIMATIONS
We take the inner product in L 2 ( Q ) of (3.5) with £, after some computation, we obtain 
with 2 ^ r ^ 6 for any t e [0 Thus, we have
, T]. The continuous function G 2 (t) depend on t and on the functions F t (t) in Lemma 2.3. Also, (3.17) holds with any
Finally by taking the limit as m goes to infinity (see the Remark after Lemma 2.3) on the left side, we obtain (3.17). Thus, the Lemma is proved.
• Now, we have Now, by taking the limit as m goes to infinity (using the remark after Lemma 2.3), on the left side we obtain the first two estimâtes of the Theorem. •
EMPROVED L 2 -ERROR BOUNDS
The L 2 -estimates obtained in Theorem 3.1 are not optimal ; in fact it is expected to obtain a rate of convergence of order -1-^-instead of K a only Y 1 -+ -*-.
A k+\ a k+\
We were not able to do that, but in this Section we will improve the L 2 -estimates in Theorem 3.1 by using a bootstrap argument.
In order to do that, let u = 2 a t (t) <p\x) and w = 2 b t (t) <p\x) be the eigenfunction expansions of u and w. Let u = 2 a(t) (p\x) and z k = 2 b(t) <p l {x) be the £-th partial sum of the series for u and w, respectively, and let 
